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Abstract
A collection of continua is described such that each continuum either is incomparable with some
element of the collection, or it is a continuous image of the harmonic fan. As a consequence, a
characterization of continua comparable with all continua is obtained. Ó 1999 Published by Elsevier
Science B.V. All rights reserved.
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Continua X and Y are said to be comparable provided that Y is a continuous image
of X or X is a continuous image of Y . In this note we characterize all metric continua
which are comparable with every continuum. They are exactly those continua which are
continuous images of the harmonic fan. Moreover, we describe a collection, consisting of
all Waraszkiewicz spirals and a single continuum, such that every continuum comparable
with each of its elements is a continuous image of the harmonic fan.
A metric space X is said to be locally connected at a point p ∈ X provided that p
has arbitrarily small open connected neighborhoods in X. Directly from this definition,
applying the uniform continuity of the considered mapping, one can verify the following
well-known property.
Lemma 1. Let f :X→ Y be a continuous surjection between continua and let Y be
nonlocally connected at a point p. Then there is a point q ∈ f−1(p) such that X is not
locally connected at q .
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Proof. See [3, p. 27]. 2
Further, we will also apply the following three known lemmas.
Lemma 2. If X is a locally connected continuum, then X has a closed base consisting of
locally connected subcontinua.
Proof. See [2, Theorem 3, p. 257]. 2
Lemma 3. Let A be a subcontinuum of a continuum X such that A is disjoint from the
closure Y of the set of all points of nonlocal connectedness of X. Then for each ε > 0
there is a locally connected subcontinuum K of X contained in the ε-hull of A such that
A⊂ int(K).
Outline of the proof. Consider the quotient space X/Y and observe that X/Y is a locally
connected continuum (see [2, Theorem 3, p. 247]). Applying Lemma 2 one can easily
construct appropriate continua around the image of A. But the quotient map restricted
to a small neighborhood of A is a homeomorphism. Thus the construction for X is
obtained. 2
Lemma 4. Every locally connected continuum is locally arcwise connected.
Proof. See [2, Theorem 1 (of Mazurkiewicz–Moore–Menger), p. 254]. 2
In this paper N and R stand for positive integers and real numbers, respectively. For any
A⊂R2, any α ∈R and any (p, q) ∈R2 define
αA+ (p, q)= {(αx + p,αy + q) | (x, y) ∈A}.
We say that a sequence {An} of sets is a null sequence provided limn→∞ diamAn = 0.
In the paper we will use the following construction of the harmonic fan. (See Fig. 1.)
Fig. 1.
J.R. Prajs, A. Swół / Topology and its Applications 98 (1999) 303–310 305
Example 1. Define the harmonic fan H by
H = {0} × [−1,0] ∪
⋃{{
(x/n,−x) | x ∈ [0,1]} | n ∈N}.
Applying the well-known Urysohn Lemma one can easily observe that an arc is
a continuous image of any nondegenerate continuum. Further, each locally connected
continuum is a continuous image of an arc by the well-known Hahn–Mazurkiewicz–
Sierpin´ski Theorem [2, Theorem 2, p. 256]. Thus each locally connected continuum is a
continuous image of any nondegenerate continuum, so every locally connected continuum
is a continuous image of the harmonic fan.
It is known that the harmonic fan is a continuous image of any nonlocally connected
continuum [1]. Therefore we obtain the following.
Proposition 5. Each continuous image of the harmonic fan is comparable with any
continuum.
In this paper we will prove the converse implication to that of Proposition 5, thus
the characterization will be obtained. In order to do this first we will describe continua
comparable with all Waraszkiewicz spirals. (For the construction of Waraszkiewicz spirals
see [5].)
Lemma 6. If a continuum X is comparable with every Waraszkiewicz spiral, then X is a
continuous image of some Waraszkiewicz spiral. In particular, all the points of nonlocal
connectedness of X are contained in a locally connected subcontinuum of X.
Proof. Assume that X is comparable with every Waraszkiewicz spiral. Since there is no
continuum to be mapped onto every Waraszkiewicz spiral (see [4, (20.9), p. 51]), then
X must be a continuous image of some Waraszkiewicz spiral. The points of nonlocal
connectedness in any Waraszkiewicz spiral form the circle. Therefore, by Lemma 1, the
points of nonlocal connectedness in X are contained in a locally connected continuum
in X. 2
Now, we construct two auxiliary continua to be essentially employed in the characteri-
zation of continua comparable with all continua.
Example 2. For n ∈N, let Hn be a copy of H , defined by
Hn = 3−nH + (1/n,−1).
Let
L=H ∪
⋃
{Hn | n ∈N}.
This continuum, shown on Fig. 2, consists of the harmonic fan and its smaller copies
attached to the ends of the “big” one.
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Fig. 2.
Example 3. Let
An =
{
(x/n2,−x/n) | x ∈ [0,1]}+ (0,−1),
Bn = 4−nH + (1/n2,−1− 1/n),
and
M =H ∪
⋃
{An | n ∈N} ∪
⋃
{Bn | n ∈N}.
Continuum M is shown in Fig. 3. Observe that An’s are arcs and Bn’s are smaller copies
of H .
Lemma 7. If X is comparable with L (Example 2) and the points of nonlocal connected-
ness of X are contained in a locally connected continuum in X, then X is a continuous
image of M (Example 3).
Proof. Since the points of nonlocal connectedness of L are contained in no locally
connected continuum, then X, by Lemma 1, cannot be mapped onto L. But X is
comparable with L, so X is a continuous image of L. Let f :L→ X be a continuous
surjection. Consider the familyA consisting of all little fans Hn (see Example 2) such that
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Fig. 3.
f (Hn) is contained in a locally connected subcontinuum Mn in X. By Lemma 3 and by
the uniform continuity of f if A is infinite, then we can choose continua Mn forming a
null-sequence of sets. Let L′ be a continuum obtained from L by replacing all Hn ∈ A
by with straight line segments Cn = {1/n} × [−1− 3−n,−1]. Since every continuum Mn
is a continuous image of an arc, then L′ can be also mapped onto X. Indeed, we modify
f to a mapping f ′ :L′ → X such that f ′|Cn :Cn→Mn is a continuous surjection with
f ′((1/n,−1))= f ((1/n,−1)) and f ′(x)= f (x) for x ∈L \⋃{Hn |Hn ∈A}.
If L′ contains only finitely many harmonic fans (i.e., all but finitely manyHn ⊂ L are in
A), then L′ is a continuous image of M , therefore X also is.
Assume that L′ contains infinitely many harmonic fans Hn. The image of each of
them contains an accumulation point of the set of all points of nonlocal connectedness
(otherwise it would be contained in a locally connected subcontinuum of L′ by Lemma 3).
By the assumption, all the points of nonlocal connectedness of X are contained in a locally
connected subcontinuumD of X. Notice that the little harmonic fans in L′ converge to the
point (0,−1), so their images also converge to f ′((0,−1)). The continuum D is locally
308 J.R. Prajs, A. Swół / Topology and its Applications 98 (1999) 303–310
Fig. 4.
connected, therefore, by Lemma 4, it is locally arcwise connected, so there exists a null-
sequence of arcsDn inD (for n withHn /∈A) joining f ′((1/n,−1)) (recall that (1/n,−1)
is the vertex of Hn) and f ′((0,−1)). We modify the map f ′ to a surjection f ′′ :L′′ →X
such that L′′ is homeomorphic to M . Indeed, define (see Example 3 for the definition of
An and Bn)
L′′ =H ∪
⋃
{Cn |Hn ∈A} ∪
⋃
{An ∪Bn |Hn /∈A},
and, if Hn /∈ A, take any continuous mapping fn :An ∪ Bn → Dn ∪ f ′(Hn) such that
fn((0,−1))= f ′((0,−1)), fn|An is a homeomorphism onto Dn, and fn|Bn = (f ′|Hn) ◦
hn where hn is any homeomorphism from Bn ontoHn. Define f ′′(x)= fn(x) for x ∈An∪
Bn and f ′′(x)= f ′(x) for x ∈⋃{An ∪Bn |Hn /∈A}. One can verify that f ′′ :L′′ →X is
a well-defined continuous surjection, and that L′′ is homeomorphic to M . 2
Lemma 8. M is a continuous image of the harmonic fan H .
Proof. The idea of the proof is illustrated in Fig. 4. We define three increasing sequences
{an | n ∈N}, {bn | n ∈N}, {cn | n ∈N} such that
a1 =−1, −16 an < 0, a1 < b1 = c1 < a2,
an+1 < b2n < cn+1 < b2n+1 < an+2 < b2(n+1) < cn+2 < b2(n+1)+1 < an+3
and
|an+1 − b2n| = |b2n+1 − an+2|,
|b1 − a1| = |b1 − a2|
and
|b2n− cn| = |cn − b2n+1|
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for any n ∈ N. Define the projection of H onto H ′ as it is shown in Fig. 2. Then divide
the plane into strips between horizontal lines going through the points of the sequence
{(0, an)}. Let ρ be a decomposition map of the plane defined as follows
(1) ρ((t, an))= ρ((t, a1)) for each n ∈N and
(2) for any points x and y laying off the lines R× {an} the values ρ(x) and ρ(y) are
equal if and only if x and y are in the same strip R × (an0, an0+1) for some n0
and they are symmetric with respect to the line R × {cn0}. We observe that the
decomposition is upper semi-continuous and the image of H ′ under the map ρ is
homeomorphic to M . 2
From Lemmas 6–8 one observes that if a continuum X is comparable with every
Waraszkiewicz spiral and with L, then X is a continuous image of H . Thus we obtain
the main result of the paper.
Theorem 9. For any continuum X at least one of the following conditions is satisfied
(a) X is incomparable with some Waraszkiewicz spiral,
(b) X is incomparable with L,
(c) X is a continuous image of the harmonic fan H .
Applying Proposition 5 and the above theorem, we conclude the following characteriza-
tion of continua comparable with all continua.
Corollary. A continuum X is comparable with every continuum if and only if X is a
continuous image of the harmonic fan.
We end the paper with some problems related to the proved results. Let C be the class of
all continua which are not continuous images of the harmonic fan.
Problem 1. Let X be in C . Does there exist a sequence of continua X,X1,X2, . . . such
that continua X,X1,X2, . . . are mutually incomparable?
Problem 2. Describe any maximal collection of mutually incomparable continua com-
posed of at least two elements.
Problem 3. Does there exist any minimal element of C , i.e., does there exist a continuum
X ∈ C such that for any continuous surjection f :X→ Y if Y ∈ C , then there exists a
continuous surjection g :Y →X?
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